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and both technically and conceptually quite challenging subject, and I will just develop

this to the extent that the quadrupole property of the radiation becomes plausible.65

In order to study the production of gravitational waves, we need to include sources, i.e.

we need to go back to the retarded solution (23.75)

h̄µν(t, !x) = 4GN

∫
d3y

T (0)
µν (t− |!x− !y|, !y)

|!x− !y| . (23.103)

At large distances, and if the source does not oscillate too rapidly (the wavelength

should be much larger than the size of the source), one can approximate this by

h̄µν(t, !x) ≈
4GN

r

∫
d3y T ret

µν (t, !y) , (23.104)

where r = |!x| and the retarded source is

T ret
µν (t, !y) = T (0)

µν (t− r, !y) . (23.105)

This is the gravitational analogue of the dipole approximation to the multipole expan-

sion in electrodynamics (and, as we will see, here this turns out to be a quadrupole

approximation).

Next, since T (0)
µν is conserved, also

h̄µ0 ∼
∫

d3y T (ret)
µ0 (23.106)

is conserved, i.e. time-independent. Therefore, in this approximation the leading (1/r)-

part of h̄µ0 will not lead to gravitational waves. We can thus concentrate on the spatial

components

h̄ik(t, !x) ≈
4GN

r

∫
d3y T ret

ik (t, !y) , (23.107)

Using the Laue theorem (7.53),
∫

d3x T ik = 1
2(∂0)

2
∫

d3x T00x
ixk ≡ 1

2Q̈
ik , (23.108)

we thus have

h̄ik(t, !x) ≈
2GN

r
Q̈ret

ik , (23.109)

where (7.54)

Qret
ik (t) =

∫
d3x ρretxixk (23.110)

is the quadrupole moment tensor of the retarded energy density T ret
00 = ρret. Thus, if

the source has a time-dependence

ρ(t) ∼ e−iΩt , (23.111)

65See e.g. S. Weinberg, Gravitation and Cosmology, B. Schutz, A first course in general relativity, or

S. Carroll, Spacetime and Geometry, and of course C. Misner, K. Thorne, J. Wheeler, Gravitation for

detailed discussionss.

496

+QM+2Mi`�i2 QM i?2 bT�iB�H +QKTQM2Mib

<latexit sha1_base64="0r8skm/CfI7n0GBmzeLlN39pAXE="></latexit>

and both technically and conceptually quite challenging subject, and I will just develop

this to the extent that the quadrupole property of the radiation becomes plausible.65

In order to study the production of gravitational waves, we need to include sources, i.e.

we need to go back to the retarded solution (23.75)

h̄µν(t, !x) = 4GN

∫
d3y

T (0)
µν (t− |!x− !y|, !y)

|!x− !y| . (23.103)

At large distances, and if the source does not oscillate too rapidly (the wavelength

should be much larger than the size of the source), one can approximate this by

h̄µν(t, !x) ≈
4GN

r

∫
d3y T ret

µν (t, !y) , (23.104)

where r = |!x| and the retarded source is

T ret
µν (t, !y) = T (0)

µν (t− r, !y) . (23.105)

This is the gravitational analogue of the dipole approximation to the multipole expan-

sion in electrodynamics (and, as we will see, here this turns out to be a quadrupole

approximation).

Next, since T (0)
µν is conserved, also

h̄µ0 ∼
∫

d3y T (ret)
µ0 (23.106)

is conserved, i.e. time-independent. Therefore, in this approximation the leading (1/r)-

part of h̄µ0 will not lead to gravitational waves. We can thus concentrate on the spatial

components

h̄ik(t, !x) ≈
4GN

r

∫
d3y T ret

ik (t, !y) , (23.107)

Using the Laue theorem (7.53),
∫

d3x T ik = 1
2(∂0)

2
∫

d3x T00x
ixk ≡ 1

2Q̈
ik , (23.108)

we thus have

h̄ik(t, !x) ≈
2GN

r
Q̈ret

ik , (23.109)

where (7.54)

Qret
ik (t) =

∫
d3x ρretxixk (23.110)

is the quadrupole moment tensor of the retarded energy density T ret
00 = ρret. Thus, if

the source has a time-dependence

ρ(t) ∼ e−iΩt , (23.111)

65See e.g. S. Weinberg, Gravitation and Cosmology, B. Schutz, A first course in general relativity, or

S. Carroll, Spacetime and Geometry, and of course C. Misner, K. Thorne, J. Wheeler, Gravitation for

detailed discussionss.

496

and both technically and conceptually quite challenging subject, and I will just develop

this to the extent that the quadrupole property of the radiation becomes plausible.65

In order to study the production of gravitational waves, we need to include sources, i.e.

we need to go back to the retarded solution (23.75)

h̄µν(t, !x) = 4GN

∫
d3y

T (0)
µν (t− |!x− !y|, !y)

|!x− !y| . (23.103)

At large distances, and if the source does not oscillate too rapidly (the wavelength

should be much larger than the size of the source), one can approximate this by

h̄µν(t, !x) ≈
4GN

r

∫
d3y T ret

µν (t, !y) , (23.104)

where r = |!x| and the retarded source is

T ret
µν (t, !y) = T (0)

µν (t− r, !y) . (23.105)

This is the gravitational analogue of the dipole approximation to the multipole expan-

sion in electrodynamics (and, as we will see, here this turns out to be a quadrupole

approximation).

Next, since T (0)
µν is conserved, also

h̄µ0 ∼
∫

d3y T (ret)
µ0 (23.106)

is conserved, i.e. time-independent. Therefore, in this approximation the leading (1/r)-

part of h̄µ0 will not lead to gravitational waves. We can thus concentrate on the spatial

components

h̄ik(t, !x) ≈
4GN

r

∫
d3y T ret

ik (t, !y) , (23.107)

Using the Laue theorem (7.53),
∫

d3x T ik = 1
2(∂0)

2
∫

d3x T00x
ixk ≡ 1

2Q̈
ik , (23.108)

we thus have

h̄ik(t, !x) ≈
2GN

r
Q̈ret

ik , (23.109)

where (7.54)

Qret
ik (t) =

∫
d3x ρretxixk (23.110)

is the quadrupole moment tensor of the retarded energy density T ret
00 = ρret. Thus, if

the source has a time-dependence

ρ(t) ∼ e−iΩt , (23.111)

65See e.g. S. Weinberg, Gravitation and Cosmology, B. Schutz, A first course in general relativity, or

S. Carroll, Spacetime and Geometry, and of course C. Misner, K. Thorne, J. Wheeler, Gravitation for

detailed discussionss.

496

AM +�b2 r?2M

<latexit sha1_base64="dkf6n1JN9RMs6scg9qSkfVj+Rhw="></latexit>

and both technically and conceptually quite challenging subject, and I will just develop

this to the extent that the quadrupole property of the radiation becomes plausible.65

In order to study the production of gravitational waves, we need to include sources, i.e.

we need to go back to the retarded solution (23.75)

h̄µν(t, !x) = 4GN

∫
d3y

T (0)
µν (t− |!x− !y|, !y)

|!x− !y| . (23.103)

At large distances, and if the source does not oscillate too rapidly (the wavelength

should be much larger than the size of the source), one can approximate this by

h̄µν(t, !x) ≈
4GN

r

∫
d3y T ret

µν (t, !y) , (23.104)

where r = |!x| and the retarded source is

T ret
µν (t, !y) = T (0)

µν (t− r, !y) . (23.105)

This is the gravitational analogue of the dipole approximation to the multipole expan-

sion in electrodynamics (and, as we will see, here this turns out to be a quadrupole

approximation).

Next, since T (0)
µν is conserved, also

h̄µ0 ∼
∫

d3y T (ret)
µ0 (23.106)

is conserved, i.e. time-independent. Therefore, in this approximation the leading (1/r)-

part of h̄µ0 will not lead to gravitational waves. We can thus concentrate on the spatial

components

h̄ik(t, !x) ≈
4GN

r

∫
d3y T ret

ik (t, !y) , (23.107)

Using the Laue theorem (7.53),
∫

d3x T ik = 1
2(∂0)

2
∫

d3x T00x
ixk ≡ 1

2Q̈
ik , (23.108)

we thus have

h̄ik(t, !x) ≈
2GN

r
Q̈ret

ik , (23.109)

where (7.54)

Qret
ik (t) =

∫
d3x ρretxixk (23.110)

is the quadrupole moment tensor of the retarded energy density T ret
00 = ρret. Thus, if

the source has a time-dependence

ρ(t) ∼ e−iΩt , (23.111)

65See e.g. S. Weinberg, Gravitation and Cosmology, B. Schutz, A first course in general relativity, or

S. Carroll, Spacetime and Geometry, and of course C. Misner, K. Thorne, J. Wheeler, Gravitation for

detailed discussionss.

496

say (of course, one should in the end take real superpositions of such modes), then

h̄ik(t, r) ≈ −2GNΩ2Qret
ik

e−iΩ(t− r)

r
(23.112)

clearly describes an outgoing spherical wave.

As noted before, the retarded solution is automatically in the harmonic gauge, but it

is not yet in the transverse traceless gauge. Transforming the above solution to the

transverse traceless gauge, one finds that the (transverse, traceless) components

h̄TT
ab = hTT

ab (23.113)

are naturally expressed not in terms of the quadrupole moments Qik but in terms of

the so-called “reduced” (traceless) quadrupole moments

Qret
ik =

∫
d3x ρret(xixk − 1

3δikr
2)

= Qret
ik − 1

3δik(Q
ret)jj .

(23.114)

These formulae can now in principle be applied to various specific situations of interest

by specifying the source term appropriately.

Finally, one quantity of particular interest is of course the energy radiated away by the

source. However, as discussed in section 22.6, the notion of “gravitational energy” or

“energy of the gravitational field” is not in general well defined and raises numerous

conceptual and technical issues. One might perhaps have hoped that these issues can

be completely side-stepped in the linearised theory we are dealing with here, which is

after all much more like a standard field theory in Minkowski space. And indeed, several

strategies are available, and they all lead to expressions for the energy-density which

are of the standard form “quadratic in the derivatives of the fields”. For example one

can

• proceed by analogy with quadrupole radiation in Maxwell theory,

• use the (Belinfante-improved) Noether energy-momentum tensor of the quadratic

Fierz-Pauli action (23.12),

• expand the Einstein equations not only to linear but to quadratic order in the fluc-

tuations hµν and interpret the quadratic terms as the gravitational contribution

to the energy-momentum tensor,

• . . .

E.g. in the transverse traceless gauge the Fierz-Pauli action reduces to a “standard”

quadratic action

L = −1
2(η

αβ∂αh11∂βh11 + ηαβ∂αh12∂βh12) . (23.115)
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For hab = hab(t− x3), say, this gives rise to an energy density and energy flux

Θ00 = −Θ03 = (ḣ11)
2 + (ḣ12)

2 ∼ r−2(
...
Qret)2 . (23.116)

On the basis of such considerations one might expect or anticipate the total radiated

energy to be proportional to something like

dE/dt ∼ −(
...
Q

ret
)2 . (23.117)

However, dealing with quadratic terms in a linearised theory is somewhat dodgy and not

strictly speaking internally consistent. As a consequence, equally plausible strategies

may not necessarily lead to equivalent results. Nevertheless, there appears to be some

consensus that a formula like this is indeed correct, and more specifically that (with

certain approximations and averaging) one has the remarkable formula

dE

dt
= −GN

5
(
...
Qret)ik(

...
Qret)ik . (23.118)

While this formula (with its 3rd derivative squared) may look unfamiliar, it is precisely

analogous to the corresponding formula for the radiated power of an electric quadrupole

in Maxwell theory (also proportional to
...
Q

2
). The main difference between gravitational

and electro-magentic radiation lies in the fact that in the Maxwell case the leading

(lowest multipole) contribution arises from dipole radiation, while in the gravitational

case the leading contribution is quadrupole radiation.

23.11 Even Briefer Comments on Detection of Gravitational Waves

I will conclude this section with some very general comments on the detection of gravi-

tational waves.

In principle, this ought to be straightforward. In practice, however, because of the

extreme weakness of gravitational fields, this is about as far from straightforward as

one can possibly imagine. For example, on the basis of the calculations done in section

23.9, one might like to simply try to track the separation of two freely suspended masses

(and this is indeed part of the principle of the interferometers I will briefly return to

below).

Alternatively, the particles need not be free but could be connected by a solid piece

of material. Then gravitational tidal forces will stress the material. If the resonant

frequency of this “antenna” equals the frequency of the gravitational wave, this should

lead to a detectable oscillation. This is the principle of the so-called Weber detectors

or Weber bars (1966-. . . ). While fine in principle, in practice gravitational waves are

extremely weak. To the best of my knowledge, such detectors have not produced con-

clusive results so far, and other detection techniques are favoured in modern generations

of detectors.
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Light geodesics in the Schwarzschild metric
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Penrose process

Particle and Light Motion in Equatorial Plane 265

Ergosphere

W
0

1

2

Fig. 8.9 Penrose process. A particle 0 enters the ergosphere and decays there into two particles, 1 and 2.
One of them with a negative energy (2) falls into the black hole. The other one (1) escapes the ergosphere
with an energy exceeding an energy of the original particle.

so that the energy of one of them, say 2, is negative, E2 < 0. Then, the other particle can
leave the ergosphere and propagate to infinity carrying the energy E1 > E0. In the process the
energy !E = E1 − E0 > 0 is extracted from the black hole.

8.3.4 Twin paradox in the Kerr spacetime
A free motion of objects along a circular trajectory gives an interesting example of the twin
paradox in general relativity. Consider two observers, Alice and Bob, moving in opposite
directions along a circular orbit of the same radius r in the equatorial plane of the Kerr black
hole. Let us assume that Bob is moving in the direction of rotation of the black hole (ε = +1)
and Alice is counter-rotating (ε = −1). Because the black hole drags into rotation the space
around it, Alice should move faster than Bob to stay at the same circular orbit. Therefore,
Alice covers more distance than Bob after their first encounter till the next one. Her higher
speed in combination with other relativistic effects leads to the slower proper time pace for
Alice. So Bob grows old faster than Alice, in spite of the fact that both move geodesically
along the same orbit. The rotation of the black hole makes a big difference.

Let us calculate how big this effect is. We assume that Alice and Bob meet one another at
the initial moment t = 0 at the point with φ = 0. Using Eq. (8.3.16) we can write

φε = ε

ρ3/2 + εα
(t/M). (8.3.24)

Here, ρ = r/M and α = a/M. They meet again at the moment !t when (see Figure 8.10)

φ+ − φ− = 2π . (8.3.25)

This condition implies

!t/M = π(ρ3/2 − α2ρ−3/2), (8.3.26)

and, therefore,

φ+ = π − παρ− 3
2 , φ− = −π − παρ− 3

2 . (8.3.27)

One can see that |φ−| ≥ |φ+|, since α ≥ 0.
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Perturbation of black holes
Test scalar !eld in the Schwarzschild geometry 
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û¸(r, Ê) ≥ e±iÊrú

hrQ HBM2�`Hv BM/2T2M/2Mi bQHmiBQMb �bvKTiQiB+�HHvX

<latexit sha1_base64="ZYoALpHLcMZo7k+nFI2Xb86NyE0="></latexit>



Perturbation of black holes

h?2 T2`im`#2/ a+?r�`xb+?BH/ K2i`B+ +�M #2 r`Bii2M BM ;2M2`�H �b

<latexit sha1_base64="JK5OM2uzje+XcfVL8pOnYKUT+bI="></latexit>

ds2 = ≠e2‹dt2 + e2Â (d„ ≠ q1dt ≠ q2dr ≠ q3d◊)2 + e2µ2dr2 + e2µ3d◊2

q?2`2 7Q` i?2 mMT2`im`#2/ +�b2

e2‹ = e≠2µ2 = 1 ≠ 2M

r
,

�M/
eµ3 = r, eÂ = r sin ◊, q1 = q2 = q3 = 0.

<latexit sha1_base64="OOsPW4GYt4As7EdcMlKKwZYnbIY="></latexit>

Monday 15 June 15

�tB�H UQ//@T�`BivV T2`im`#�iBQM,
q1, q2- �M/ q3 �`2 }`bi@Q`/2` [m�MiBiB2b- BMi`Q/m+2 7`�K2 /`�;;BM; U`Qi�iBQM
Q7 ">Vc

Monday 15 June 15

SQH�` U2p2M@T�`BivV T2`im`#�iBQM,
6Q` T2`im`#�iBQMb Q7 ”‹, ”Â, ”µ2- �M/ ”µ3 i?2`2 Bb MQ 7`�K2 /`�;;BM; bBM+2
„ æ ≠„ Bb � bvKK2i`v 7Q` i?2b2 T2`im`#�iBQMbX

<latexit sha1_base64="6CbvYBuNrYOScsDl6yXHYZh+kwo="></latexit>



Perturbation of black holes

Quasinormal modes of black holes and black branes 13

transform. Substituting the decomposition into Eq. (6) we get a radial wave equation
for Ψs=0(r):

f2 d2Ψs=0

dr2
+ ff ′dΨs=0

dr
+
(

ω2 − Vs=0

)

Ψs=0 = 0 . (8)

We will see shortly that perturbations with other spins satisfy similar equations. In
the particular case of s = 0, the radial potential Vs is given by

Vs=0 = f

[

l(l + d − 3)

r2
+

d − 2

4

(

(d − 4)f

r2
+

2f ′

r
+

dγ

L2

)]

. (9)

Finally, if we define a “tortoise” coordinate r∗ by the relation dr∗/dr = 1/f , Eq. (8)
can be written in the form of a Schrödinger equation with the potential Vs

d2Ψs

dr2
∗

+
(

ω2 − Vs

)

Ψs = 0 . (10)

Notice that the tortoise coordinate r∗ → −∞ at the horizon (i.e. as r → r+), but its
behavior at infinity is strongly dependent on the cosmological constant: r∗ → +∞ for
asymptotically-flat spacetimes, and r∗ → constant for the SAdSd geometry.

Electromagnetic, gravitational and half-integer spin perturbations Equations for
linearized Maxwell field perturbations in curved spacetimes can be obtained along the
lines of the scalar field example above. To separate the angular dependence we now
need vector spherical harmonics [5, 132, 133]. In d = 4, electromagnetic perturbations
can be completely characterized by the wave equation (10) with the potential

V d=4
s=1 = f

[

l(l + 1)

r2

]

. (11)

A comprehensive treatment of the four-dimensional case can be found in Ref. [132]
for the Schwarzschild spacetime, and in Ref. [130] for the SAdS geometry. Higher-
dimensional perturbations are discussed in Ref. [134].

The classification of gravitational perturbations hµν(x) on a fixed background
gBG

µν (x) is more complicated. We focus on the SAdS4 geometry. After a decomposition
in tensorial spherical harmonics, the perturbations fall into two distinct classes: odd
(Regge-Wheeler or vector-type) and even (Zerilli or scalar-type), with parities equal
to (−1)l+1 and (−1)l, respectively [27, 21, 57, 135]. In the Regge-Wheeler gauge
[4, 5, 27, 48, 136], the perturbations are written as hµν = e−iωth̃µν , where for odd
parity

h̃µν =









0 0 0 h0(r)
0 0 0 h1(r)
0 0 0 0

h0(r) h1(r) 0 0









(

sin θ
∂

∂θ

)

Yl0(θ) , (12)

whereas for even parity

h̃µν =









H0(r)f H1(r) 0 0
H1(r) H2(r)/f 0 0

0 0 r2K(r) 0
0 0 0 r2K(r) sin2 θ









Yl0(θ) . (13)

The angular dependence of the perturbations is dictated by the structure of tensorial
spherical harmonics [27, 21, 57, 135]. Inserting this decomposition into Einstein’s
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equations one gets ten coupled second-order differential equations that fully describe
the perturbations: three equations for the odd radial variables, and seven for the
even variables. The odd perturbations can be combined in a single Regge-Wheeler or
vector-type gravitational variable Ψ−

s=2, and the even perturbations can likewise be
combined in a single Zerilli or scalar-type gravitational wavefunction Ψ+

s=2. The Regge-
Wheeler and Zerilli functions (Ψ−

s=2 and Ψ+
s=2, respectively) satisfy the Schrödinger-

like equation (10) with the potentials

V −
s=2 = f(r)

[

l(l + 1)

r2
− 6M

r3

]

(14)

and

V +
s=2 =

2f(r)

r3

9M3 + 3λ2Mr2 + λ2 (1 + λ) r3 + 9M2
(

λr + r3

L2

)

(3M + λr)2
. (15)

The parameters h0 and h1 of the vector-type perturbation are related to Ψ−
s=2 by

Ψ−
s=2 =

f(r)

r
h1(r) , h0 =

i

ω

d

dr∗

(

rΨ−
s=2

)

. (16)

For the scalar-type gravitational perturbation, the functions H1 and K can be
expressed through Ψ+

s=2 via

K =
6M2 + λ (1 + λ) r2 + 3M

(

λr − r3

L2

)

r2 (3M + λr)
Ψ+

s=2 +
dΨ+

s=2

dr∗
, (17)

H1 =
iω
(

3M2 + 3λMr − λr2 + 3M r3

L2

)

r (3M + λr) f(r)
Ψ+

s=2 −
iωr

f(r)

dΨ+
s=2

dr∗
, (18)

where λ ≡ (l − 1)(l + 2)/2, and H0 is then obtained from the algebraic relation
[

(l − 1)(l + 2) +
6M

r

]

H0 +

[

i
l(l + 1)

ω r2
(M + r3/L2) − 2iω r

]

H1

−
[

(l − 1)(l + 2) + rf ′ − 4ω2r2 + r2f ′2

2f

]

K = 0 . (19)

A complete discussion of Regge-Wheeler or vector-type gravitational perturbations
of the four-dimensional Schwarzschild geometry can be found in the original papers
by Regge and Wheeler [48] as well as in Ref. [137], where some typos in the
original work are corrected. For Zerilli or scalar-type gravitational perturbations, the
fundamental reference is Zerilli’s work [56, 57]; typos are corrected in Appendix A of
Ref. [138]. An elegant, gauge-invariant decomposition of gravitational perturbations of
the Schwarzschild geometry is described by Moncrief [61] (see also [66, 67, 139, 140]).
These papers are reviewed by Nollert [5] and Nagar and Rezzolla [27]. For an
alternative treatment, see Chandrasekhar’s book [22]. Chandrasekhar’s book and
papers [141, 142] use a different notation, exploring mathematical aspects of the
relations between different gravitational perturbations (see Appendix A). Extensions
to the SAdS4 geometry can be found in Ref. [130], while the general d−dimensional
case has been explored in a series of papers by Kodama and Ishibashi [102, 103, 104].

The case of Dirac fields seems to have been discussed first by Brill and Wheeler
[143], with important extensions of the formalism by Page [144], Unruh [145] and
Chandrasekhar [22]. For the treatment of Rarita-Schwinger fields, see [146].
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Ringing of a black hole leads to radiation of 
gravitational waves
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Figure 1. Four different physical processes leading to substantial quasinormal
ringing (see text for details). With the exception of the infalling-particle case
(where M is the BH mass, µ the particle’s mass and ψ2 the Zerilli wavefunction),
ψ22 is the l = m = 2 multipolar component of the Weyl scalar Ψ4, M denotes
the total mass of the system and r the extraction radius (see e.g. Ref. [44]).

Figure 1 shows four different processes involving BH dynamics. In all of them,
quasinormal ringing is clearly visible. The upper-left panel (adapted from Ref. [44])
is the signal from two equal-mass BHs initially on quasi-circular orbits, inspiralling
towards each other due to the energy loss induced by gravitational wave emission,
merging and forming a single final BH [14]. The upper-right panel of Fig. 1 shows
gravitational waveforms from numerical simulations of two equal-mass BHs, colliding
head-on with v/c = 0.94 in the center-of-mass frame: as the center-of-mass energy
grows (i.e., as the speed of the colliding BHs tends to the speed of light) the waveform
is more and more strongly ringdown-dominated [45]. The bottom-left panel shows
the gravitational waveform (or more precisely, the dominant, l = 2 multipole of
the Zerilli function) produced by a test particle of mass µ falling from rest into a
Schwarzschild BH [43]: the shape of the initial precursor depends on the details of
the infall, but the subsequent burst of radiation and the final ringdown are universal
features. The bottom-right panel (reproduced from Ref. [46]) shows the waves emitted
by two massive neutron stars (NSs) with a polytropic equation of state, inspiralling
and eventually collapsing to form a single BH.

QNM frequencies for gravitational perturbations of Schwarzschild and Kerr BHs

The signal from two equal-mass BHs initially 
on quasi-circular orbits, inspiralling towards 
each other due to the energy loss induced by 
gravitational wave emission, merging and 
forming a single final BH
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Figure 1. Four different physical processes leading to substantial quasinormal
ringing (see text for details). With the exception of the infalling-particle case
(where M is the BH mass, µ the particle’s mass and ψ2 the Zerilli wavefunction),
ψ22 is the l = m = 2 multipolar component of the Weyl scalar Ψ4, M denotes
the total mass of the system and r the extraction radius (see e.g. Ref. [44]).

Figure 1 shows four different processes involving BH dynamics. In all of them,
quasinormal ringing is clearly visible. The upper-left panel (adapted from Ref. [44])
is the signal from two equal-mass BHs initially on quasi-circular orbits, inspiralling
towards each other due to the energy loss induced by gravitational wave emission,
merging and forming a single final BH [14]. The upper-right panel of Fig. 1 shows
gravitational waveforms from numerical simulations of two equal-mass BHs, colliding
head-on with v/c = 0.94 in the center-of-mass frame: as the center-of-mass energy
grows (i.e., as the speed of the colliding BHs tends to the speed of light) the waveform
is more and more strongly ringdown-dominated [45]. The bottom-left panel shows
the gravitational waveform (or more precisely, the dominant, l = 2 multipole of
the Zerilli function) produced by a test particle of mass µ falling from rest into a
Schwarzschild BH [43]: the shape of the initial precursor depends on the details of
the infall, but the subsequent burst of radiation and the final ringdown are universal
features. The bottom-right panel (reproduced from Ref. [46]) shows the waves emitted
by two massive neutron stars (NSs) with a polytropic equation of state, inspiralling
and eventually collapsing to form a single BH.
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Figure 1. Four different physical processes leading to substantial quasinormal
ringing (see text for details). With the exception of the infalling-particle case
(where M is the BH mass, µ the particle’s mass and ψ2 the Zerilli wavefunction),
ψ22 is the l = m = 2 multipolar component of the Weyl scalar Ψ4, M denotes
the total mass of the system and r the extraction radius (see e.g. Ref. [44]).

Figure 1 shows four different processes involving BH dynamics. In all of them,
quasinormal ringing is clearly visible. The upper-left panel (adapted from Ref. [44])
is the signal from two equal-mass BHs initially on quasi-circular orbits, inspiralling
towards each other due to the energy loss induced by gravitational wave emission,
merging and forming a single final BH [14]. The upper-right panel of Fig. 1 shows
gravitational waveforms from numerical simulations of two equal-mass BHs, colliding
head-on with v/c = 0.94 in the center-of-mass frame: as the center-of-mass energy
grows (i.e., as the speed of the colliding BHs tends to the speed of light) the waveform
is more and more strongly ringdown-dominated [45]. The bottom-left panel shows
the gravitational waveform (or more precisely, the dominant, l = 2 multipole of
the Zerilli function) produced by a test particle of mass µ falling from rest into a
Schwarzschild BH [43]: the shape of the initial precursor depends on the details of
the infall, but the subsequent burst of radiation and the final ringdown are universal
features. The bottom-right panel (reproduced from Ref. [46]) shows the waves emitted
by two massive neutron stars (NSs) with a polytropic equation of state, inspiralling
and eventually collapsing to form a single BH.
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Figure 1. Four different physical processes leading to substantial quasinormal
ringing (see text for details). With the exception of the infalling-particle case
(where M is the BH mass, µ the particle’s mass and ψ2 the Zerilli wavefunction),
ψ22 is the l = m = 2 multipolar component of the Weyl scalar Ψ4, M denotes
the total mass of the system and r the extraction radius (see e.g. Ref. [44]).

Figure 1 shows four different processes involving BH dynamics. In all of them,
quasinormal ringing is clearly visible. The upper-left panel (adapted from Ref. [44])
is the signal from two equal-mass BHs initially on quasi-circular orbits, inspiralling
towards each other due to the energy loss induced by gravitational wave emission,
merging and forming a single final BH [14]. The upper-right panel of Fig. 1 shows
gravitational waveforms from numerical simulations of two equal-mass BHs, colliding
head-on with v/c = 0.94 in the center-of-mass frame: as the center-of-mass energy
grows (i.e., as the speed of the colliding BHs tends to the speed of light) the waveform
is more and more strongly ringdown-dominated [45]. The bottom-left panel shows
the gravitational waveform (or more precisely, the dominant, l = 2 multipole of
the Zerilli function) produced by a test particle of mass µ falling from rest into a
Schwarzschild BH [43]: the shape of the initial precursor depends on the details of
the infall, but the subsequent burst of radiation and the final ringdown are universal
features. The bottom-right panel (reproduced from Ref. [46]) shows the waves emitted
by two massive neutron stars (NSs) with a polytropic equation of state, inspiralling
and eventually collapsing to form a single BH.
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Gravitational wave interferometer
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Gravitational wave interferometer

Masses of detected LIGO/Virgo compact binaries. This plot shows the masses of all 
compact binaries detected by LIGO/Virgo, with black holes in blue and neutron stars in 
orange. The objects are arranged in order of discovery date.



Gravitational wave interferometer

Effective spiral spin. Each contour represents the 90% credible region for a different 
event.  

Ed Porter, 40th Int. Symposium on Physics in collision, Aachen, Germany, 2021

O3a spins

Abbott et al, arXiv:2010.14527(2020)
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Tests of General Relativity with Binary Black Holes from the second LIGO–Virgo
Gravitational-Wave Transient Catalog

The LIGO Scientific Collaboration and the Virgo Collaboration
(compiled 17 June 2021)

Gravitational waves enable tests of general relativity in the highly dynamical and strong-field regime. Using
events detected by LIGO–Virgo up to 1 October 2019, we evaluate the consistency of the data with predictions
from the theory. We first establish that residuals from the best-fit waveform are consistent with detector noise,
and that the low- and high-frequency parts of the signals are in agreement. We then consider parametrized
modifications to the waveform by varying post-Newtonian and phenomenological coe�cients, improving past
constraints by factors of ⇠2; we also find consistency with Kerr black holes when we specifically target signatures
of the spin-induced quadrupole moment. Looking for gravitational-wave dispersion, we tighten constraints on
Lorentz-violating coe�cients by a factor of ⇠2.6 and bound the mass of the graviton to mg  1.76 ⇥ 10�23 eV/c2

with 90% credibility. We also analyze the properties of the merger remnants by measuring ringdown frequencies
and damping times, constraining fractional deviations away from the Kerr frequency to � f̂220 = 0.03+0.38

�0.35 for the
fundamental quadrupolar mode, and � f̂221 = 0.04+0.27

�0.32 for the first overtone; additionally, we find no evidence
for postmerger echoes. Finally, we determine that our data are consistent with tensorial polarizations through a
template-independent method. When possible, we assess the validity of general relativity based on collections of
events analyzed jointly. We find no evidence for new physics beyond general relativity, for black hole mimickers,
or for any unaccounted systematics.

I. INTRODUCTION

General relativity (GR) remains our most accurate theory of
gravity, having withstood many experimental tests in the Solar
System [1] as well as binary pulsar [1, 2], cosmological [3, 4]
and gravitational-wave (GW) observations [5–15]. Many of
these tests probe regimes where gravitational fields are weak,
spacetime curvature is small, and characteristic velocities are
not comparable to the speed of light. Observations of compact
binary coalescences enable us to test GR in extreme environ-
ments of strong gravitational fields, large spacetime curvature,
and velocities comparable to the speed of light; high post-
Newtonian (PN) order calculations and numerical relativity
(NR) simulations are required to accurately model the emitted
GW signal [5, 6, 14, 15].

We report results from tests of GR on binary black hole
(BBH) signals using the second Gravitational-wave Transient
catalog (GWTC-2) [16]. The GWTC-2 catalog includes all
observations reported in the first catalog (GWTC-1) [17], cov-
ering the first (O1) and second (O2) observing runs, as well
as new events identified in the first half of the third observ-
ing run (O3a) of the Advanced LIGO and Advanced Virgo
detectors [16]. We focus on the most significant signals, requir-
ing them to have been detected with a false-alarm rate (FAR)
< 10�3 yr�1.

A current limitation on tests of beyond-GR physics with
compact binary coalescences is the lack of understanding of
the strong-field merger regime in nearly all modified theories of
gravity. This restricts our analysis to testing the null hypothesis,
taken to be GR, using model-independent or parametrized tests
of GR [5, 14, 15, 18–29]. An important goal in constraining
beyond-GR theories is the development of model-dependent
tests, requiring analytical waveforms and NR simulations in al-
ternative theories of gravity across the binary parameter space.
Unfortunately, there is still a lack of alternative theories of
gravity that are mathematically well-posed, physically viable,
and provide su�ciently well-defined alternative predictions

for the GW signal emitted by two coalescing compact objects.
Recent NR studies have begun to model astrophysically rele-
vant binary black hole mergers in beyond-GR theories [30–34]
and numerous advances have been made deriving the analyti-
cal equations of motion and gravitational waveforms in such
theories [35–48]. However, it is often unknown whether the
full theories are well-posed and a significant amount of work
is required before the results can be used in the context of GW
data analysis.

The approach taken here is therefore to (i) check the con-
sistency of GR predictions with the data, and (ii) introduce
parametrized modifications to GR waveforms in order to con-
strain the degree to which the deviations from the GR predic-
tions agree with the data. As in [15], the results in this paper
should be treated as observational constraints on deviations
from GR. Such limits are a quantitative indication of the degree
to which the data are described by GR but can also be rein-
terpreted in the context of a given modified theory of gravity
to produce constraints, subject to a number of assumptions
[7, 49]. Our analyses do not reveal any inconsistency with GR
and the results improve on the previous tests of GR using the
BBHs observed in O1 and O2 [5, 6, 8, 13–15].

The analyses performed in this paper can be broken down
into four broad categories. In order to test the consistency of
the GR predictions in a generic way, we look for residual power
after subtracting the best-fit GR waveform from the data. We
also separately study the low-frequency and high-frequency
portions of an observed signal, and evaluate the agreement of
the inferred parameters. To constrain specific deviations from
GR, we perform parametrized tests targeting the generation
of GWs and the propagation of the GW signal. All these
approaches were already implemented in [15] for GWTC-1
signals. In addition, we introduce a new suite of analyses: an
extension of the parametrized test considering terms from the
spin-induced quadrupole moment of the binary components,
dedicated studies of the remnant properties (ringdown and
echoes), and a new method for probing the geometry of GW
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Constraints on gravity theories

•Detected Aug. 17, 2017 

•Brightest GW event yet seen 

•Luminosity distance of 40 Mpc 

•Multiple EM confirmations in gamma, x-ray, optical, radio 

The time delay between the GW and GRB detections

Ed Porter, 40th Int. Symposium on Physics in collision, Aachen, Germany, 2021
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Gravitational waves from black holes

Test GR 
Rule out gravity theories  
Get hints on modifications of gravity 


