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Introduction
Integrable models

1. Integrable CFT with Zr symmetry and BLZ approach
2. CFT with sl(n) symmetry and auxiliary non-interacting

bosonic field
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Introduction
Spin- 1

2 chain with Zr symmetry
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Introduction
Commuting family

▶ Hamiltonian: ℓ = 1, . . . , r

H(ℓ) = 2iζ∂ζ log(T(−q−1ζ))|ζ=ηℓ
− 2i

N∑
J=1

(1 − q2ηJ/ηℓ)−1

▶ Operators T, H, Q, Sz , etc.
1. act in the "quantum space" VN = C2

N ⊗ C2
N−1 ⊗ · · · ⊗ C2

1
2. belong to commuting family

5 / 13



Research Problem

The key problem of this project is the solution of non-linear Bethe
ansatz equations (BAE) in the scaling limit:

N∏
J=1

ηJ + qζm
ηJ + q−1ζm

= −e2πikq2Sz
M∏

j=1

ζj − q2ζm
ζj − q−2ζm

m = 1, 2, . . . , M, Sz = 1
2N − M ≥ 0

The parameter q = eiγ is called anisotropy, and the set of complex
numbers {ηJ}N

J=1 with the periodic condition ηJ+r = ηJ are the
inhomogeneities.
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Goals and objectives

▶ Construct the Hamiltonian spectrum of an inhomogeneous
six-vertex model with Zr -symmetry

▶ Describe ground and low-energy excited states
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Methods

1. Constructed and diagonalized large sparse H and Q matrices
via Wolfram Mathematica and Python

2. Solved invariant Bethe Ansatz Equations for a small lattice
size N ∼ 20

3. Using the Bethe ansatz equations, extended the RG trajectory
of eigenstates up to N ≫ 1 without explicit
construction/diagonalization H and Q

4. Perturb BAE and find a new solution near the invariant one
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Results
Spin- 1

2 chain with Z1 symmetry

Figure 1: Distribution of roots of the XXZ chain at N = 90, k = 1
10 ,

Sz = 0, L = 2, L̄ = 0, w = 1, β2 = 2/5
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Results
Spin- 1

2 chain with Z1 symmetry

Figure 2: Reduced energy values
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Results
Spin- 1

2 chain with Z2 symmetry

Figure 3: The parameters taken for the figure Sz = 0, γ = 143
200 ,

η1 = η−1
2 = e 13i

10 , k = 1
10
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Results
Spin- 1

2 chain with Z3 symmetry

Figure 4: The parameters taken for the figure Sz = 0, γ = π
5 , η1 = e− 2πi

3 ,
η2 = e 2πi

3 ϵ, η3 = e 2πi
3 (1−ϵ), ϵ = 1

10 , k = 1
20
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Thank you for attention!
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